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Abstract. We formulate a model of pulsar spin evolution (braking, inclination angle evolution
and radiative precession) taking into account the non-rigidity of neutron star rotation. We
discuss two simple limiting cases of this model and show that the evolution of the inclination
angle substantially depends on the model of crust-core interaction. The non-rigidity of core
rotation accelerates the inclination angle evolution and makes all pulsars evolve to the orthogonal
state. The size of the effect depends on the amount of differentially rotating matter and
mechanism of its interaction with the rest of the star. Since the rapid evolution of the inclination
angle apparently contradicts the observational data, our results may be used as an additional
test for the theories of the cores of neutron stars.
1. Introduction
A rotating magnetized neutron star, if it has perfectly spherical shape, can be characterized
by two vectors: angular velocity vector ~Ω and magnetic moment vector ~m. During the life
of a neutron star the magnitudes of these vectors as well as the inclination angle χ formed
by these vectors evolve in time. This evolution is caused by electromagnetic torque acting on
rotating magnetized star. A neutron star is surrounded by a large magnetosphere. Strictly
speaking, the electromagnetic torque can be calculated only by using a self-consistent theory of
this magnetosphere which despite the achieved progress is far from complete at present [1].
The problem becomes even more complicated if one wishes to take into account the internal
structure of neutron star. Neutron stars are not perfectly rigid. They contain a liquid core.
There are two main mechanisms of crust-core interaction: coupling through the magnetic field
and viscosity [2]. The first mechanism is much more effective and, if it works, then the protons,
electrons and normal neutrons in the core can be considered as rigidly rotating with the crust.
In contrast, the superfluid neutrons which are believed to be present in neutron star’s core [3]
are decoupled from the rest of the matter and interact with it only by weak mutual friction force
(vortex-mediated interaction) [4].
The configurations when the magnetic field does not penetrate the core have been discussed
in the literature [5, 6]. The expulsion of magnetic field can be caused, for example, by type-I
superconductivity of core protons. Despite the fact that the type-II proton superconductivity is
more likely from the point of view of microscopic calculations (see, however, [7]), its implications
for the neutron star rotation dynamics are not so clear. The coexistence of proton magnetic
fluxoids with neutron superfluidity seems to be inconsistent with the observed long periods of
precession in some neutron stars [8].
In the present paper we consider in detail the two limiting cases of strong and weak coupling
between the crust and the core of a neutron star, which correspond to the two physical cases
discussed above.
2. Basic Assumptions
We will treat a neutron star as a spherical rigid shell containing a liquid core in a spherical
cavity. We will denote the inner radius of the crust by Rc and the outer one by Rns. The crust
rotates with angular velocity ~Ω. It feels the action of an external (electromagnetic) torque ~K
which is assumed to be slowly varying in the reference frame co-rotating with the crust. The
core acts on the crust with a torque ~N . Thus, the motion of the crust can be described as
Icrust~˙Ω = ~K + ~N, (1)
where Icrust is the crust moment of inertia. Here and below we use the notation ~˙Ω = dt~Ω.
Let us for clarity consider the simplest possible system of hydrodynamical equations written
down in the frame of reference co-rotating with the crust:
∂t~u+ 2[~Ω × ~u] + (~u · ~∇)~u+ ~∇P/ρ+ ~∇Φ = −[~˙Ω× ~r] + ~f, (2)
∂tρ+ div(ρ~u) = 0, (3)
Φ(~r) = −G
∫
ρ(~r′)
|~r − ~r′|d
3r′ − 1
2
[Ω× ~r]2. (4)
Here, ~f is the sum of forces (per unit mass) acting on the fluid, 2[~Ω × ~u] is the Coriolis force,
−[Ω˙× ~r] is the effective force caused by non-uniformity of neutron star rotation.
For a neutron star it is a good approximation to assume that the temperature is constant
inside the star core [9]. It allows us to write the pressure gradient as
~∇P =
∑
α
ρα~∇µα (5)
where µα is the chemical potential per unit mass of α-th constituent, ρα is the α-th constituent’s
mass density.
Let us suppose that the flows in the core are produced only by ~˙Ω. In the case of uniform
rotation the star is in hydrostatical equilibrium:
~∇P (0) + ρ(0)~∇Φ(0) = 0. (6)
Here and below the superscript (0) denotes the hydrostatical values of variables.
Since ǫ = Ω˙/Ω2 ≪ 1 one can consider ~u as a small perturbation to the rigid-body rotation
[~Ω× ~r] produced by ~˙Ω. All variables can be expanded in a power series in ǫ:
ρα = ρ
(0)
α + ρ
(1)
α +O(ǫ
2), Φ = Φ(0) +Φ(1) +O(ǫ2), µα = µ
(0)
α + µ
(1)
α +O(ǫ
2) (7)
and the terms quadratic in ǫ can be neglected. We also assume that there is some dissipation
mechanism in the system that is characterized by a time-scale τdis which is much smaller than
the time-scale of rotational evolution τre = Ω/Ω˙ of the star. If so, the time-derivatives in Eqs.
(2) and (3) become negligibly small for the neutron stars with ages much larger than τdis. Then
our equations take the form
2[~Ω × ~u] +
∑
α
ρ
(0)
α
ρ(0)
~∇µ˜(1)α = −[~˙Ω× ~r] + ~f (1), (8)
div
(
ρ(0)~u
)
= 0, (9)
where we introduced µ˜α = µα + Φ. Two observations can be made. First, neglecting the
temperature term in ~∇P , one is able to exclude Eq. (4) from consideration (if there is no
need to calculate ρ(1), µ
(1)
α or Φ(1)). Second, for neutron stars with ages much larger than τdis
the internal flow “forgets” the initial conditions. At each time instance the velocity field is
determined only by instantaneous values of ~Ω and ~˙Ω and depends on time only through these
two vectors (quasistationary approximation).
3. Rotational dynamics
After the quasistationary approximation becomes valid the interaction torque can be written in
the following form
~N = −S1Icore~eΩ(~eΩ · ~˙Ω)− S2Icore~eΩ × [~eΩ × ~˙Ω] + S3Icore[~eΩ × ~˙Ω], (10)
where Icore is the core moment of inertia, S1, S2, S3 are some dimensionless coefficients and
~eΩ = ~Ω/Ω. It can be shown that S1 ≈ 1. The coefficients S2 and S3 are determined by a specific
crust-core interaction mechanism.
The external torque can be written in the following form
~K = K0
(
k˜Ω~eΩ + k˜m~em + k˜⊥[~eΩ × ~em]
)
, (11)
where ~em = ~m/m, k˜Ω, k˜m, k˜⊥ are some dimensionless functions which depend on relative
orientation between ~Ω and ~m (and other possible variables specific for particular magnetosphere
model). They are defined in such a manner that K0 equals the value of the torque acting on
aligned (χ = 0) pulsar.
Substituting (11) and (10) into (1) and solving the equation for ~˙Ω we obtain three scalar
equations describing pulsar braking, inclination angle evolution and torque-driven precession
Ω˙ =
K0
Itot
(
k˜Ω + k˜m cosχ
)
, (12)
χ˙ = −K0
Ω
(Icrust − S2Icore)k˜m − S3Icorek˜⊥
(Icrust − S2Icore)2 + S23I2core
sinχ, (13)
ϕ˙Ω = −K0
Ω
(Icrust − S2Icore)k˜⊥ + S3Icorek˜m
(Icrust − S2Icore)2 + S23I2core
, (14)
where Itot = Icrust + Icore. Note that Eq. (12) has the same form as for perfectly rigid star.
Roughly speaking, it is a consequence of the energy conservation law.
Eqs. (13) and (14) differ from analogous equations used for rigidly rotating star in two ways.
First, the full moment of inertia Itot in the denominator is replaced by the combinations of
|Icrust − S2Icore| and S3Icore which are much less than Itot. It leads to more rapid evolution
of the angles. Second, one can see that Eq. (13) contains k˜⊥ (multiplied by S3) which does
not influence the evolution of the inclination angle in the case of a rigid star (cf. [10]). The
precession is affected by k˜m through non-zero S3 as well.
The perpendicular part of ~K is associated with the so-called anomalous torque caused by
inertia of the near-zone electromagnetic field [11]. The anomalous torque is larger than the
other components of ~K approximately by a factor
c
ΩRns
= 4.7× 103
(
P
1sec
)(
Rns
10km
)−1
. (15)
which grows as the star slows down under the action of the braking torque. As we show
below, S2 and S3 also grow as the star evolves. Therefore, the influence of anomalous torque
on the inclination angle evolution increases with time. The effect becomes important when
S3k˜⊥ ≈ (Icrust/Icore − S2) k˜m.
4. Weak coupling limit
Let us first consider the case of magnetic field confined to the crust. In this case, crust-core
interaction occurs through the viscosity. If neutrons are not superfluid, all constituents can be
regarded as moving with the same velocity ~u. It can be shown that the composition gradient
~∇(ρp/ρn) causes a strong damping of any stationary radial flow. Thus, the angular momentum
can be transfered from the core to the crust only by viscous tensions. In this case, one finds
that (detailed calculations can be found in [12])
S2 = −8πρ
(b)R5c
3
√
2Icore
E1/2, S3 =
8πρ(b)R5c
3
√
2Icore
E1/2, (16)
where ρ(b) is the mass density at the crust-core interface, E = η(b)/ΩR2c is the so-called Ekman
number, η(b) is the value of the shear viscosity coefficient at the crust-core interface. The
expressions for these coefficients were obtained under the assumption that E ≪ 1. It is
satisfied with a good accuracy for neutron stars. However, η essentially depends on temperature.
Therefore, in order to close the system of equations one needs to take into account the thermal
evolution of the star, which practically does not depend on the spin evolution. It is determined
mostly by the mass of the star, which implies that the viscosity is a known function of star’s
age.
If neutrons are superfluid, the neutron component decouples from the rest of the matter and
an additional dynamical degree of freedom - the velocity of superfluid neutrons ~us - appears.
The neutron fluid and the charged components interact only by weak mutual friction force. In
this situation, the damping of radial flows may not take place. Besides the viscous tensions, the
angular momentum can be transfered directly by flow (the so-called Ekman pumping mechanism
[13]). However, neutron superfluidity starts to affect the crust-core interaction only when the
distance between the crust-core interface and phase transition surface is of the order of E1/2Rc or
smaller. The realization of such a configuration depends on the model of neutron superfluidity.
5. Strong coupling limit
The neutron superfluidity becomes more important in the case of strong coupling. In this
limit we assume that the charged component and the normal neutrons rotate rigidly with the
crust. The second component which rotates differentially consists of superfluid neutrons. The
components interact through the mutual friction. These crust-core interaction coefficients are
given by (see [14] for the detail)
S2 = − Ic
Icore
− 8π
3Icore
∫ Rs
0
(1− β′)β′ − β2
(1− β′)2 + β2 ρsr
4dr, S3 =
8π
3Icore
∫ Rs
0
β
(1− β′)2 + β2ρsr
4dr, (17)
where β and β′ are the mutual friction coefficients, ρs is the mass density of superfluid neutrons,
Rs is the radius of the spherical surface of the phase transition.
Note that during star’s cooling more and more neutrons become superfluid, i.e., the normal
neutron component, which co-rotates with the charge component, is converted into the superfluid
component. It is not obvious that Eqs. (12)-(14) remain valid in this situation. The left-hand
side of Eq. (1) should also contain I˙crust~Ω. Now the angular momentum exchange between
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Figure 1. The cosχ − P trajectories for rigidly rotating neutron stars with different initial
periods and inclination angles.
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Figure 2. The evolution of neutron star core temperature and E1/2 (left panel), the inclination
angle evolution trajectories (middle panel) and the same trajectories in cosχ − P plane (right
panel).
components is produced not only by ~˙Ω but also directly by matter conversion. It can be shown
that in the linear in ǫ approximation two terms should be added to the interaction torque (10):
~Nnew = ~Nold − I˙core~Ω−
∫
ρ˙(0)s [~r × ~us]dV. (18)
The first additional term cancels with I˙crust~Ω. As for the second term, we assume that the
thermal evolution occurs on approximately the same time-scale as the rotational evolution. In
that case, the second term is quadratically small and can be neglected.
6. Inclination angle evolution
In order to plot some exemplary inclination angle trajectories we use the model expression for
external torque proposed in [15] with non-dipolarity parameter νnd = 0.5. The trajectories for
a rigidly rotating neutron star are shown in Fig. 1.
The trajectories calculated with the coefficients (16) are shown in Fig. 2. Here, in order to
take into account the thermal evolution of the star we have used the cooling code developed by
Gnedin, Yakovlev and Potekhin [9]. The cooling curve has been calculated for a light star with
a mass ≈ 1M⊙ and Icrust/Itot=0.05.
The trajectories calculated with coefficients (17) for two different neutron superfluid models
are shown in Figs. 3 and 4. The superfluidity models used in Fig. (3) are taken from [16]. Fig.
4 is plotted for a model in which the neutron superfluidity is strongly damped in the region of
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Figure 3. The P − cosχ trajectories (left panel), the models of proton and neutron
superfluidities (middle panel) and the evolution of relation Is/Itot with time (right panel).
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Figure 4. The same as in Fig. 3 for another model of neutron superfluidity.
small densities. The mutual friction coefficients have been calculated using the results of Alpar,
Langer and Sauls [17]. All figures include 149 pulsars whose observable values of the inclination
angle are taken from [18].
7. Discussion
One can see that the evolution of the inclination angle dramatically differs for different crust-core
interaction models. The rate of the evolution depends on the amount of the matter which rotates
differentially. Moreover, all trajectories sharply turn upwards when the action of anomalous
torque becomes comparable with the action of normal torque. These features should be included
in the studies of population synthesis of pulsars. They can also be used as additional tests for
the theories of neutron star interiors.
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